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STOCHASTIC PROCESS

In some situations in science & technology we will be interested in studying “Processes”,
i.e, the phenomena that takes place with change in time. The theory of probability studied did not
have either general procedure or elaborate schemes for solving problems that arise in the study of
such phenomena. Hence it is necessary to develop a general theory of random process or
stochastic process to study random variables dependent on one or several discrete or continuous
varying parameters.

Mathematically, a stochastic process is a set of random variables {X:} or X{t} depending on some
real parameter like time t, these are also known as random process or random functions.

The family of random variables which are the functions of time parameter is known as stochastic
process or random process.

The stochastic process is a family of random variables { X(t) /t € T } is defined on a given
probability space indexed by time parameter ‘t'.

The values assumed by the process are called ‘states’ and the set of all possible values of an
individual member of the random process is called the ‘state space’, which can be either discrete or
continuous.

Examples of stochastic process:

Queuing system

In queuing system, the number of people joining the queue during the time interval, the number of
people served from the queue in particular time interval.

Turbulent fluid flow

In the turbulent fluid flow, the velocity components u, v, w of the fluid are random variables
depending on the space coordinates x, y, z and the time.

Movement of molecules of a gas or liquid:

In a gas or liquid at random instants the molecules collides with the other molecules. Thus its
velocity and position are altered. Thus the state of the molecule is subjected to random changes at
every instant of time.

Communication process

The amplitude of the signals to be transmitted and amplitude of the noise produced in the channel
depending on the time are both random variables.

A random walk model

A particle moves in a straight line in steps of unit length. At each stage it can move one step to the
right with probability p or one step to the left with probability q.

If the particle starts from origin, its position after n movements is a random variable, which
depends on discrete parameter n.

Gamblers Ruin Problem (Classical Ruin Problem)

Suppose a Gambler wins or loses a unit (Rupee/Dollar/Pound) with probabilities p & q
respectively.

Let his initial capital be z & his opponents initial capital be (a-z), so that the combined capital is a.
The game continuous until the Gambler’s capital is either reduced to zero or increased to a. i.e,
until one of the two players is ruined. Here we notice that the capital of the Gambler after n stages is
a random stochastic variable.



Classification of stochastic process/random process:

A random process can classified according to the characteristics of t and the random variable X(t).
(§1] Discrete random process:

A random process X(t,s) which corresponds to the random variable X having only discrete values

while t is continuous, is known as discrete random process.

If x is continuous and tis discrete, is known as discrete random process.

It is represented by {X. ; n=1,2,..}

(ii) Continuous random process:

If X is continuous and t is any of continuous values, then X(t) is called continuous random process.
The process is defined for all the instants of time as t=0, then it is said to be continuous stochastic

process and is represented by {X(t) ; t=0}

Deterministic and non-deterministic stochastic process:

If the future values of any sample function cannot be predicted exactly from the observed values,
the process is called a non-deterministic process.

A process is called deterministic if the future values of any sample function can be predicted from
the past values.

A deterministic random process is also known as a predictable random process.

If the future values of any sample function cannot be predicted exactly from the past values, then it
is called a non-deterministic random process. It is also called a regular random process.

Stationary and independent process:

For a stationary stochastic process, if all its statistical processes or the distribution function or
certain expected values do not change with time.

Contradictorily, for a non-stationary stochastic process, any of its density functions or
probability functions or any of its movements depends on the precise value of time.

A process which is not stationary is said to be evolutionary.

Normal or Gaussian stochastic process:
If the joint distribution of any number of variables Xt;, Xtg, ..... in normal distribution then it is said
to be normal or Gaussian stochastic process.

Markov Process:

A stochastic process is said to be a Markov process or Markovian if,
PIX(to:1) <Xu:1 / X(£0)=Xn , X(ta-1,..., X(to) = to |=P[X(tns1)= X(tn)]=Xa where to<ti<tz<... <tn<tn:.1

Here Xp X1 Xz ... X; are called the states of the process.
Markov chain:
Let X(t) be a Markov process. If X(t) possesses Markov property and takes only discrete values,
whether tis discrete or continuous, then X(t) is called Markov chain.

A sequence of states [Xa] is Markov chain if each Xnis a random variable and if

P[X(to+1)=Xn+1 / Xo=Xn, Xo-1=Xn-1, .. X0=X0 |=P[Xn=n/Xn=Xq]
Examples of Markov chains are,
A random walk on the line,
Random placements of balls.
Probability vector:
A vector v = (vy, Vz,....., Vo) Is called a probability vector if the components are non-negative and
their sum is equal to 1.



Transition probability matrix (tpm): The transition probabilities, Pyj's are arranged in a matrix
x+*x Stochastic matrix when ...

— Py f’12 P_ln i) square matrix
given by, P = 5 .P P. ii) non — negative
nl ©n2 o iii) eachrow sumis 1 s+x
Stochastic matrix:

A square matrix P=Pyjis called a stochastic matrix if each of the row is a probability vector, if
each entry P is non-negative and the sum of entries in each row is 1.

A stochastic matrix is a random matrix with non-negative elements and unit row sums.

A tpm is said to be a stochastic matrix if the elements of each rows are non-negative and the sum
of the elements in each rows is equal tol.

A stochastic matrix P is said to be regular if all the entries of some power P are positive.
A stochastic matrix P is said to be not regular if 1 occurs in the principle diagonal.

A transition probability matrix (tpm), P is said to be regular matrix if all entries P= (n=1,2,...) are
non-zero positive values.

If every state can be reached from any state (in any number of transitions) then the chain is said to
be irreducible. Otherwise, the chain is said to be reducible or non-irreducible.

A state i is said to be an absorbing state iff P; =1. A Markov chain is absorbing if it has at least one
absorbing state and it is possible to go from every non-absorbing state to at least one absorbing
state in one or more steps.

Ergodicity is restrictive forms of stationary processes from which the time and ensemble averages
are interchangeable are called ergodic process.

A state is said to be periodic with period t (>1) if the return to the state is possible only in t, 2t, 3t,
44, ... steps, where t is greatest integer with this property. In this case P;j(®) =0 , unless n is an
integral multiple of t. the state i is said to be aperiodic ( or non-periodic ) of no such t(>1) exists.

A positive recurrent (or positive persistent) and apriodic state is called ergodic. A Markov chain all
of whose states are ergodic is said to be ergodic chain.

PROBLEMS ON STOCHASTIC PROCESS

v" Which of the following matrices are stochastic matrices?

1 0 0

L A= [0 10
Since the given matrix is not a square matrix, which is not a stochastic matrix.
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Y2 Y
B=11, 1
[2 /2
The matrix is square matrix
The all entries in the matrix are positive
Each row sum in the matrix is equal to 1

Hence the given matrix is stochastic matrix.

0 1 0
1 1 i
. p=|72 e /3
1/3 2/3 0
The matrix is square matrix
The entries in the matrix are positive

Each row sum in the matrix is equal to 1
Hence the given matrix is stochastic matrix.

E:[é _01]

The matrix is square matrix
The entre in the second row is a negative
Sum of each row is also not equal to 1
Hence the matrix is not a stochastic matrix.

" [ 0 2 ]
=1 1
/o T/
The matrix is square matrix
The entries in the matrix are positive
Each row sum in the matrix is not equal to 1

Hence the given matrix is not a stochastic matrix.

G 0 1 ]
Y e
The matrix is square matrix
The entries in the matrix are positive

Each row sum in the matrix is equal to 1
Hence the given matrix is stochastic matrix.

1 0
H= [1 / 2 / ] , the matrix is a stochastic matrix.
3 3

lz[ls/lﬁ Y16
2fa s
J=[1/3 2/, 4/,

1/2 1 1/2

I , the matrix is not a stochastic matrix.

l , the matrix is not a stochastic matrix.



Which of the following matrices are regular matrices?

[ / / ]

=1 1

2 /s
The matrix is square matrix
The entries in the matrix are positive
Each row sum in the matrix is equal to 1

Hence the given matrix is stochastic matrix.

s, I, )2 %I

Ye Y4
025 075

AB=[1/2 1/2”1/2 1/2“1/2 1/2]= s _Bibis
0375  0.625

[1/2 1/2”1/2 1/2“1/2 1/2“1/2 1/2] 0.3125 0.6875

Here each entry in Az, A3,A4,...., are positive, Sum of all entries are equalto 1 &
no unit element in principle diagonal.
Hence, A is a regular matrix.

s s My
2. B=| o0 1
I, o 1

The matrix is square matrix
The entries in the matrix are positive
Each row sum in the matrix is equal to 1
Hence the given matrix is stochastic matrix.
The given matrix is not regular, since 1 lies on the principle diagonal.

1/2 1/2 0
3. c=lp 1y 0
1/4 1/4 1/2

The matrix is square matrix
The entries in the matrix are positive
Each row sum in the matrix is equal to 1
Hence the glven matrix is stochastic matrix.

1, 1/2 1/2 1/2 0] [Yy, Y, O
ga= 1/2 = 1/2 / 0
b, 1 38 3 Y



cz= |1 1/2 1/2 8 = 1/2 1/2 ol..
1 1 1 7 7 1
/s /4 /2 /16 'he /8
Since, some of the entrles in C2, C3,... are zeros & notreduced ***(zeros must be reduces,

compare to next powers of matrices) ***
Hence, C is a not regular matrix.

1/ Hl/ 0 1/2 1/2 0 1/2 1/2 0
/ 0
/4 1/4 2

0 0 1
4. D=\l 0 1/
0 1 0

The matrix is square matrix
The entries in the matrix are positive
Each row sum in the matrix is equal to 1
Hence the given matrix is stochastic matrix.

o 0o 1][o o 1 0 11 10
D= 1/, 0 Yh(1Yn 0 )= | O /2 /2
0 1 olJlo 1 o

o 0o 1][0 0 1
D= |15 0 || 0 || ] 1/4
o 1 o0lJlo 1 o
[0 0 1][0 0 1 /2 1/2
D*= 1/2 0 1/2H1/2 0 1/2 “1/2 0 1/2=1/4 / 1/2
| 0 1 0 0 1 0 0 /4 /2 1/
Y Y2 Y4
D=1y 1y 3fg| oo
Yy Y4 Yo

Since, all the entries of some power of matrix D are positive, no unit element in
principle diagonal & number of zeros also reducing compare to the powers of matrices.
Hence, D is a regular matrix.

Yy Yy 1
5. ‘E= 0 1/ 1| the matrix is not a stochastic matrix; it is not a regular matrix.
2
0 0 1

1/ 0

6. F= [1 3 l , the matrix is not a stochastic matrix; it is not a regular matrix.
/3 1

7. G= [g 2] , the matrix is a stochastic matrix. Since, unit element in main diagonal, so it

is not a regular matrix.
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The transition probability matrix (tpm)is given by [0. ‘ . Is the matrix is irreducible?

0

Consider the states 0, 1, 2

Here, it is possible to go from 0 to 1 with probability 0.7

And from state 1 to 2 with probability 0.5

Thus it is possible to go from 0 to 2.

In this way, all the states are communicate with each other
Hence, the chain is irreducible.

004 06 0 O

03 007 o0 O

The transition probability matrix (tpm) isgiven by |0.2 0.4 0.1 0.3 . Is the matrixis
0

0 0 1k
irreducible?
Consider the states 0,1, 2, 3
Here, we observe that from state 3 no other state is accessible
And principle diagonal contains 1 in state 3.
All the states are do not communicate with each other.
Hence, the chain is not irreducible.
1 0 0
Is the transition probability matrix (tpm), P = [0 0.5 0.5 l an absorbing markov chain?
0 0.33 0.67
1 0 0
We have P = [0 0.5 0.5 ]
0 0.33 0.67

g 56

Here, state A is only absorbing state and A cannot be reached from state B or state C.
Hence, P is not an absorbing markov chain.

A training process is considered as a two state markov chain. If it rains, it is considered to be in
state 0 and it does not rains, the chain is in the state of 1.

The transition probability matrix (tpm), P = [gg gg]

Find the probability that it will rain for 3 days from today assuming that it is raining today.

The 1 step transition probability matrix (tpm) is given by, P = [gg gg]
i [06 04 o
Plda)=bi= 0[']26 0081 0.6 04 0.44 0.56
=pz= | 3 : | = | ;
P(Zdays)=P2= |, o 3] [0 2 08 [0.28 72

0.6 gig] [gﬁg 0.4 [0.6 0.4]0= [0.376 0.624

PR == 5y 08llo2 087 lo312 0688



The probability that it will rain on 3rd day is, 0.376
The probability that it will not rain on 3¢ day is, 0.688 .....

A person owning a scooter has the opinion to switch over to a scooter, bike or a car next time with
0.4 0.3 0.3
the probability of (0.3, 0.5, 0.2). If the transition probability matrix is, [ 0.2 0.5 0 3].

0.25 0.225 0.5
What are the probabilities of vehicles to his fourth purchase?

0.4 0.3 0.3
WehaveP=| 0.2 0.5 0.3]
0.25 0.225 0.5

0.4 03 03

P(1st purchase) =P(1) =P1=| 0.2 0.5 0.3

0.25 0.225 0.5
0.295 0.345 0,36]

P(2rd purchase) = P(2) =P2=P.P=|0.255 0.358 0.36

0.275 0.325 0.4
0.277 0.351 0.372]

P(3r purchase) = P(3) =P3=P. P-P=[0.269 0.359 0.372

0.275 0.345 0.380
0.277 0.351 0.372]

Hence, the probabilities of 4t purchase = (0.3, 0.5, 0.2) [0, 269 0.359 0.372
0.275 0.345 0.380

= (0.2726, 0.3538, 0.3736)

Three boys A, B and C are throwing a ball to each other. A is always throws the ball to B and

B is always throws the ball to C, but C is just likely to throw the ball to B as to A. Show that the
process is Markovian. Find the transition matrix and classify the states. Do all the states are
ergodic?

If C was the 1st person to throw the ball, find the probabilities that a) A has the ball, b) B has the ball,
c) C has the ball after three throws.

Probability of A is always throws the ball to B is, 1
Probability of B is always throws the ball to Cis, 1
Probabilities of C is throws the ball to A and B are, 0.5 and 0.5
Probabilities of remaining all cases are, 0’s

0 1 0
The transition probability matrix is, P = [ 0 0 1]

0.5 0.5 0
The states of row are depends only on states of column, but not other states or earlier
states.
Hence, the process is Markovian or Markov chain.
Now,
[ 0 1 0
Pi=1 0 0 1]
0.5 0.5 0
[ 0 0 1
P2=10.5 0.5 0
L0 0.5 0.5
(0.5 0.5 0

P3=( 0 0.5 0.5
10.25 0.25 0.5




[0 0.5 0.5
Pi=| 0 0 1]

0.5 0.5 0

[ 0 1 0
Ps=(0 0 1]

0.5 0.5 0

[ 0 1 0
Pe=1 0 0 1] praaes

0.5 0.5 0

the chain is irreducible.

Since, the chain is finite and irreducible, all the states are non-persistent.

The states are egodic.
Now,

[f the ball was 15t thrown by C, the initial probability distribution is given by the row
matrix, A© = [P1(® P, P5(] =[0 0 1]

After three throws, the probability is given by

[P1©® P50 P(0)3] = [A® P3]
0.5 0.5 0
=[001][ 0 0.5 0.5]
0.25 0.25 0.5

=[0.25 0.25 0.25]

Thus, after three throws, the probability that the ball is with A is 0.25

Bis 0.25
Cis 0.25
0 1 0
Find the nature of the states of the Markov chain with tp.m,P={0.5 0 0.5
i 0 1 0
0 1 0
We have, P=]0.5 0 0.5
0 1 0
0.5 0 0.5]
Pz={ 0 1 0
0 1 0
0 1 0]
P3=(0.5 0 0.5(=P
L0 1 0
0.5 0 0.5]
P¢i=| 0 1 0 |=P2
L0 1 0|
0 1 0
P5=10.5 0 0.5|=P
L0 1 0
0.5 0 0.5]
Ps={0 1 0 |=P2....
0 1 0

Hence, the Markov chain is irreducible.

Since, Markov chain is irreducible and finite, all the states are non-
null persistent.

All states are not ergodic.



In a cascade of binary communication channels, the symbols 1 and 0 are transmitted in
successive stages. In any stage, the probability that a transmitted 1 is received asa 1 is 0.75
and the probability that 0 is received as a 0.5. Find the probabilities that i) 1 transmitted in
the 1st stage is received correctly. ii) 0 transmitted in the 15t stage is received as 1 after the
3rd stage.

We have,

Probability that a transmitted 1 is received as 1 = 0.75

Probability that a transmitted 1 is received as 0 = 0.25

Probability that a transmitted 0 is received as 1 = 0.5

Probability that a transmitted 0 is received as 0 = 0.5
0.75 0.25]

The transition matrixis P = [ 0.5 0.5

Pz_[0.6875 0.3125
“Lo62

625 0375
p3= 0.6719 0.3281

“10.6563 0.3437
Therefore,

i) The probability that 1 is transmitted in the 1st stage and received
correctly as 1 after the 3 states is 0.6719

ii) The probability that 0 is transmitted in the 15t stage and received as
1 after the 34 states is 0.6563

Check whether the following Markov chains are regular and ergodic?

0 05 05 0
0.5 0 0 0.5
i) 0.5 0 0 05
0 05 05 0.5

First we check the regularity of P(n) matrices for different n.

We observe that, when n is odd, P(n) is original matrix
0.5 0 0 0.5
0 0.5 0.5 0
When n is even, P(n) =| 0 0.5 0.5 0
0.5 0 0 0.5

For any value of n, we get matrices with zero only.
Therefore, the chain is not regular.
It is possible to go from state 0 to state 1 or state 2 (or) from state 1 to state (0 or
state 3 and from state 2 to state 0 or state 1.
Hence, all the states are ergodic.

Now,
1.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5
P2=1]0.5 0.5 0.5 0.5
0.5 0.25 0.25 0.75



2 1 1 0.75

1 0.375 0.375 0.75
Pi=1 1 0.375 0.375 0.75

0.75 0.5 0.5 0.625

Here, the matrices P2, P2, . ... without zero elements.
We can also prove that Pm (m=2, 3, ... )has all the entries with possible non-zero
values.

Therefore, P is a regular matrix.

1 05 05 0
05 0 0 05
ii) 05 0 0 05
0 05 0.5 05

The transition probability matrix of a Markov chain {X:};n=1, 2, 3, .. .having three states 1, 2
0.1 0.5 0.4
and3isP= (0.6 0.2 0.2

0.3 0.4 0.3
Find (i) P{Xo=3}, (ii) P{ X3=2, X»=3, X1=3, Xo=2}, (iii) P{ X3=2, Xo=3, Xi=3, Xo=3}

and the initial distribution is P(® = (0.7, 0.2, 0.1)

Given that, P(Xo=1) = 0.7, P(Xo=2) = 0.2, P(X¢=3) = 0.1

To find P{X,=3} :

0.1 0.5 0.4
P= (0.6 0.2 0.2
0.3 0.4 0.3
0.43 0.31 0.26
P@=P2= [0.24 0.42 0.34]
0.36 0.35 0.29
P{X,=3}= Y3., P{Xe=3/X=i}. P{Xo=i}
= P{ X,=3/Xo=1}.P{ Xo=1} + P{ X2=3/Xo=2}.P{ Xo=2} + P{ X»=3/Xo=3}.P{ Xo=3}
= P13@ . P{ Xo=1} + P3@ . P{ X¢=2} + P33@ . P{ Xo=3}
=0.26 (0.7) + 0.34 (0.2) + 0.29 (0.1)
=0.279

P{X;=3}= 0.279




To find P{ Xs=2, X,=3, X1=3, Xo=2} :

Consider, P{Xi=3,Xo=2} = P{X1=3/ Xo=2}.P{ Xo=2}
L W

= Pus. P{Xo=2}
=0.2 (0.2)
=0.04

P{X;=3, Xo=2} = 0.04

Now, P{X;=3,Xi=3, Xo=2} = P{Xo=3 / Xi=3, Xo=2} . P{ X1=3, Xo=2}
X

= Pa3. P{X1=3, Xo=2}
=0.3 (0.04)
=0.012

P{X;=3. X;=3. Xo=2} = 0.012

Now, P{Xs=2,X;=3,X:=3, Xo=2} = P{ X3=2 / Xo=3, X1=3, Xo=2}. P{ X2=3, X1=3, X0=2}
X
= P32 . P{ XZ=3, X1=3, Xa=2}
= 0.4 (0.012)
=0.0048
P{X3=2 X;=3. Xy=3. Xo=2} = 0.0048

Therefore, P{ X3=2, X;=3, X1=3, Xo=2} = 0.0048

Also find P{ X3=2, Xz=3, X1=3, Xo=3} =7



A fair die thrown repeatedly. If X, denotes the maximum of the numbers occurring in the first n
throws. i) Find the tpm P of the Markov chain {Xn} ,ii) P2 & iii) P{ Xz =6}

Sol: State space={1, 2, 3,4, 5, 6}
The tpm is formed using the following analysis,
Let Xn = Maximum of the numbers occurring in the first n throws = 3 (Say)
Then, Xa=3;if (n+1)th throw resultsis 1or 2or3
=4; if (n+1)t throw results is 4
=5; if (n+1)t throw results is 5
=6; if (n+1)™ throw resultsis 6
3

Therefore, P{ Xn:1=3 / Xa=3}= é +—;+ % =

P{Xn+1=i/Xn=3}=§ wheni=4,5,6

i) The transition probability matrix (t.p.m) of the Markov chain is,

rl 1 1 1 1 14
6 6 6 6 6 6
o 21 2 %1
6 6 6 6 6
NXEERE
4 1 1
0 0 0 - & &
5 1
0 0 0 O :
00000 °¢
- 6

1 3 5 7 9 11

0 4 5 7 9 11

= ,_1l0 09 7 9 11

) P*=3%lo 0 0 16 9 11

0 0 0 0 25 11

0 0 0 0 0 36

Since, all the values of 1, 2, 3, 4, 5, 6 are equally likely. So, the initial state probability
distribution is, P(0) = [1,1,1,1,1,1]
6'6’6'6'6'6

iii) P{X2=6}=X5 ,P{X;=6/Xo=1i}.P{Xp=1i}
1
= e 2?:1 Piﬁ(Z)
1,11 11 11 11
=l + e + e + 7 + 6]
1
= m[11+11+11+11+ 11 + 36]
91
e P{X:=6}= = 0.4213
Three boys A, B, C are throwing a ball to each other. A is always throws the ball to B, B always throws
the ball to C but C just as likely to throw the ball to B as A. show that the process is Markovian. Find
the transition matrix. Classify the states. Do all the states are ergodic?

Sol:

0 1 0
The transition probability matrix of the process {Xu}is, P = [ 0 0 1]
0.5 05 0
State {Xn} denotes only on states of {Xs-1} but not on states of Xu-1, Xn-1,..... or earlier states.

Therefore, {Xn} is a Markov chain.



0 0 1 0.5 05 0
Now, PZ = [0.5 0.5 0 ] P3 = [ 0 0.5 0. 5]
0 05 0.5 0.25 0.25 0.5

PD 5 0,p@ > 0,P2 > 0,p2 > 0,P2 > 0
Therefore, the chain is irreducible.
0 0.5 0.5 0.25 0.25 0.5 0.25 0.5 0.25
P‘*=[ ] P5=[ 0.25 0.375 0.5

0.125 0.375 0.375

0.25 0.25 0.5 0.25 0.5 0.25| P¢=

0.25 0.5 0.25 0.125 0.375 0.25
G.C.Dof23,4,56....=1

The state’s 2 & 3 (i.e., B & C) are periodic with period 1, i.e., a periodic.

We note that Pi?), Pi(;ls), Pi(is) ..are>0andG.C.Dof3,5,6,..=1

Therefore the state 1 (i.e., state A) is periodic with period 1, i.e,, a periodic.

Since the chain is finite and irreducible, all its states are non-null persistent.
Hence, all the states are ergodic.

0.3 0.7 0
The tpm of a Markov chain is given by [0. 1 0.4 0. 5] irreducible?
0 0.2 0.8
Sal: In this matrix, the chain starts from state 0 to state 1 with probability 0.7, from state 1 to

state 2 with probability 0.5

Thus, it is possible to go from state 0 to state 2

Therefore, the chain is irreducible & the states are recurrent.
0.4 06 0 0
0.3 0.7 0 0

i ible?
02 0.4 01 03 irreducible?

Is the tpm

0 0 0 1
0.4 0.6 0 O 0.34 0.66 0 0
L : 0.3 0.7 0 o :_10.33 0.69 0 0
Sol: Given tpm is, P‘In.z 0.4 0.1 {13]’ ¥ '[0.22 0.44 0.01 0‘33]’
o 0o o0 1 0 0 0 1
0.334 0.666 0 0
P3:[0.333 0.667 0 0 ]
0.222 0.444 0.001 0.003
i 0 0 1

w. k. t, to prove, a matrix is irreducible that the sum of each row of the matrix mustbe equal to 1
but in P23, the sum of second row is not equal to 1
Hence, the given matrix is not irreducible.

If the tpm of a Markov chain is [005 015] find the steady state distribution of the chain.

Sol: Given P = [g[_}5 [}?5]

Let X = [X; X;]is the steady-state distribution of the chain
ThenX=XPand x; +x, =1 2 Equl

B 0 1
1 X]=[x %]+ [0.5 0.5]
[Il xzj — ?2 JC1 +?Z

%= x?z =5 2%=%5 = Equ2

X=X+ 1;_2 =2 Equ3
Substitute Equ 2 in Equ 1, we get x; = é
FromEqu2,x, = ;

Hence, E ;] be the steady-state distribution of the Markov chain.



6.

Study of a passage of English text to find a vowel followed by a vowel or a consonant followed by a
0.12 0.88
0.54 0.46
Find the percentage of the letters in the text book which are expected to be the vowels.
Sol: Given P = [0'12 0.89
054 0.4

To find the limiting probabilities, we have X=XPand x, +x, =1 2 Equl

012 0.88
P Bl=l %= [0.54 0.46
x; = 0.12x;, + 0.54x, = Equ2

consonant or a vowel reveal the following transition probability matrix [

x, = 0.88x; + 0.46x, - Equ3
On substituting from Equ 1, x, =1 — x, in Equ 2
We get, x; = 0.3803
x;=1—x,=1-0.3803
x, = 0.6197
Hence, the percentage of letters in the text book which are expected to be vowels is 38%
The school of international studies for population found out by its survey that the mobility of the
population of a state to village, town and city is the following percentage.

Fitiin To Village | Town City
Village 30% 20% 50%
Town 30% 50% 20%

City 10% 40% 50%

Present population of village, town and city are 0.4, 0.3 and 0.3 respectively.

What will the proportion of population in village, town and city after two years?

Find the proportions in the long run.

Sol:

Given that, the school of international studies for population found out by its survey that the mobility
of the population of a state to village, town and city are,

To ; 2
fiisii Village | Town City
Village 30% 20% 50%
Town 30% 50% 20%
City 10% 40% 50%
0.3 02 05
This can be written as, P = Iu.a 0.5 uz]
01 04 05

The present population proportion, B, = [0.4 0.3 0.3]
The proportion of population in village, town and city after one year, P, =P, *P

03 02 05
= P,=[04 03 03]403 05 02|=[024 035 0.4]
0.1 04 05

Hence, the proportion of population in village, town and city after one year, P,= [0.24 0.35 0.4]
The proportion of population in village, town and city after two years, P, =P, * P

03 02 05
= P, =[0.24 035 04]*/0.3 05 02]=[0.218 0.387 0.395]
01 04 05

Hence, the proportion of population in village, town & city after two years, P,=[0.218 0.387 0.395]
Hence, the proportions of population in village, town & city after two years are, 0.218, 0.387 & 0.395



+ The proportions of population in village, town & city in long run
i.e, the steady state distribution of the chain, then we have X=XPand x; + x, + x; =1
03 02 05
[, X X3]=[% X, X3]=# [0.3 0.5 0.2]
0.1 04 0.5
We get,x; = 0.3x; + 0.3x, + 0.1x4
=2 0.7x;, =03x,+ 0.1x; =2 Equl
Also, we get, x; = 0.2x; + 0.5x; + 0.4x;
=  0.5x; = 0.2x; + 0.4x; - Equ2
And also, we get, x; = 0.5x, + 0.2x, + 0.5x,
= 0.5x; =0.5%, +0.2x, > Equ3
Now,x; +x,+x3=1 => x;,=1—x,—x; =2>Equ4
On multiplying Equ 4 with 0.7 and substituting in Equ 1
We get, x, + 0.8x; = 0.7 =2 Equ5s
On multiplying Equ 2 with 0.5 and Equ 3 with 0.2, then we get x, = 1.034x; = Equ 6
Now, on substituting Equ 6 (x;) in Equ 5, we get x; = 0.382
Now, on substituting x; = 0.382 in Equ 6, we get x, = 0.394
Now, on substituting x; = 0.382 x, = 0.394 in Equ 4, we get x; = 0.224
Therefore, X = [Xx1 X2 x3]=[0.224 0.394 0.382]
Hence, the long run proportion of the population state to village, town and city is, 22.4%,

39.4% and 38.2% respectively.

04 03 03
8. If the transition probability matrix of market shares of three brands A, B and Cis [ 08 0.1 0.1‘
0.35 0.25 04

and the initial market shares are 50%, 25% and 25%.
Find the market shares in second and third periods and the limiting probabilities.

Sol:
Given that, the initial market shares of three brands A, B and C are 50%, 25% and 25% which

can be writtenas P, = [0.5 0.25 0.25]

04 03 03
The tpmis, P = [ 0.8 0.1 0.1]
0.35 0.25 04

0435 0275 0.29 =(0.4675 0.2105 0.1985
048 023 0.29 0.4652 0.2307 0.221
The market share in the second period = P, * P2
0.5050 0.225 0.27
[0.5 025 0.25]+ [ 0.435 0.275 0.29} = [0.4813 0.2387 0.2800]
048 023 0.29
The market share in the third period = P, * P3
0.4145 0.2085 0.19
[0.5 0.25 0.25]+* [0.4675 0.2105 0.1985] =[0.4815 0.2382 0.2802]
0.4652 0.2307 0.221
Hence, the market shares in the third period are, 48.1%, 23.8% and 28.02%.

4 The limiting probability can be interpreted as the long run market shares that can be reached to an

0.5050 0.225 0.27 04145 0.2085 0.19
Pz = and P? =

equilibrium
X=[* Xz X3] then,
X=XPand x; +x, +x3 =1 2 Equl
04 03 03
[¥1 X% x3]=[x X3 X3]=% [ 08 01 0.1]
035 0.25 04



We get, x; = 0.4x; + 0.8x, + 0.35x; => 0.6x; = 0.8x; + 0.35x; = Equ2
x, = 03x; + 0.1x; + 0.25x; => 0.9x, = 0.3x; + 0.25x; = Equ3
x; = 0.3x; +0.1x, + 0.4x; => 0.6x; =03x, +0.1x, > Equ4
On solving the above equations, we get,
x; = 0.4813, x, = 0.2383 and x; = 0.28.4

0.75 025 0
If the transition probability matrix of market shares of three brands A, B and C is [ 0 0.5 0.5]
0.6 04 0

and the initial market shares are 20%, 30% and 50%.
Find the market shares in second and third periods and the limiting probabilities.



