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Figure 2.9 Three cases where there is no observed correlation between the two plotted attributes in each
of the data sets.

from lower left to upper right, this means that the values of X increase as the values
of Y increase, suggesting a positive correlation (Figure 2.8a). If the pattern of plotted
points slopes from upper left to lower right, the values of X increase as the values of Y
decrease, suggesting a negative correlation (Figure 2.8b). A line of best fit can be drawn
to study the correlation between the variables. Statistical tests for correlation are given
in Chapter 3 on data integration (Eq. (3.3)). Figure 2.9 shows three cases for which
there is no correlation relationship between the two attributes in each of the given data
sets. Section 2.3.2 shows how scatter plots can be extended to n attributes, resulting in a
scatter-plot matrix.

In conclusion, basic data descriptions (e.g., measures of central tendency and mea-
sures of dispersion) and graphic statistical displays (e.g., quantile plots, histograms, and
scatter plots) provide valuable insight into the overall behavior of your data. By helping
to identify noise and outliers, they are especially useful for data cleaning.

2.3 Data Visualization

How can we convey data to users effectively? Data visualization aims to communicate
data clearly and effectively through graphical representation. Data visualization has been
used extensively in many applications—for example, at work for reporting, managing
business operations, and tracking progress of tasks. More popularly, we can take advan-
tage of visualization techniques to discover data relationships that are otherwise not
easily observable by looking at the raw data. Nowadays, people also use data visualization
to create fun and interesting graphics.

In this section, we briefly introduce the basic concepts of data visualization. We start
with multidimensional data such as those stored in relational databases. We discuss
several representative approaches, including pixel-oriented techniques, geometric pro-
jection techniques, icon-based techniques, and hierarchical and graph-based techniques.
We then discuss the visualization of complex data and relations.
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2.3.1 Pixel-Oriented Visualization Techniques

A simple way to visualize the value of a dimension is to use a pixel where the color of
the pixel reflects the dimension’s value. For a data set of m dimensions, pixel-oriented
techniques create m windows on the screen, one for each dimension. The m dimension
values of a record are mapped to m pixels at the corresponding positions in the windows.
The colors of the pixels reflect the corresponding values.

Inside a window, the data values are arranged in some global order shared by all
windows. The global order may be obtained by sorting all data records in a way that’s
meaningful for the task at hand.

Example 2.16 Pixel-oriented visualization. AllElectronics maintains a customer information table,
which consists of four dimensions: income, credit limit, transaction volume, and age. Can
we analyze the correlation between income and the other attributes by visualization?

We can sort all customers in income-ascending order, and use this order to lay out
the customer data in the four visualization windows, as shown in Figure 2.10. The pixel
colors are chosen so that the smaller the value, the lighter the shading. Using pixel-
based visualization, we can easily observe the following: credit limit increases as income
increases; customers whose income is in the middle range are more likely to purchase
more from AllElectronics; there is no clear correlation between income and age.

In pixel-oriented techniques, data records can also be ordered in a query-dependent
way. For example, given a point query, we can sort all records in descending order of
similarity to the point query.

Filling a window by laying out the data records in a linear way may not work well for
a wide window. The first pixel in a row is far away from the last pixel in the previous row,
though they are next to each other in the global order. Moreover, a pixel is next to the
one above it in the window, even though the two are not next to each other in the global
order. To solve this problem, we can lay out the data records in a space-filling curve

(a) income (b) credit_limit (c) transaction_volume (d) age

Figure 2.10 Pixel-oriented visualization of four attributes by sorting all customers in income ascending
order.
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(a) Hilbert curve (b) Gray code (c) Z-curve

Figure 2.11 Some frequently used 2-D space-filling curves.
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Figure 2.12 The circle segment technique. (a) Representing a data record in circle segments. (b) Laying
out pixels in circle segments.

to fill the windows. A space-filling curve is a curve with a range that covers the entire
n-dimensional unit hypercube. Since the visualization windows are 2-D, we can use any
2-D space-filling curve. Figure 2.11 shows some frequently used 2-D space-filling curves.

Note that the windows do not have to be rectangular. For example, the circle segment
technique uses windows in the shape of segments of a circle, as illustrated in Figure 2.12.
This technique can ease the comparison of dimensions because the dimension windows
are located side by side and form a circle.

2.3.2 Geometric Projection Visualization Techniques

A drawback of pixel-oriented visualization techniques is that they cannot help us much
in understanding the distribution of data in a multidimensional space. For example, they
do not show whether there is a dense area in a multidimensional subspace. Geometric
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Figure 2.13 Visualization of a 2-D data set using a scatter plot. Source: www.cs.sfu.ca/jpei/publications/
rareevent-geoinformatica06.pdf .

projection techniques help users find interesting projections of multidimensional data
sets. The central challenge the geometric projection techniques try to address is how to
visualize a high-dimensional space on a 2-D display.

A scatter plot displays 2-D data points using Cartesian coordinates. A third dimen-
sion can be added using different colors or shapes to represent different data points.
Figure 2.13 shows an example, where X and Y are two spatial attributes and the third
dimension is represented by different shapes. Through this visualization, we can see that
points of types “+” and “×” tend to be colocated.

A 3-D scatter plot uses three axes in a Cartesian coordinate system. If it also uses
color, it can display up to 4-D data points (Figure 2.14).

For data sets with more than four dimensions, scatter plots are usually ineffective.
The scatter-plot matrix technique is a useful extension to the scatter plot. For an n-
dimensional data set, a scatter-plot matrix is an n× n grid of 2-D scatter plots that
provides a visualization of each dimension with every other dimension. Figure 2.15
shows an example, which visualizes the Iris data set. The data set consists of 450 sam-
ples from each of three species of Iris flowers. There are five dimensions in the data set:
length and width of sepal and petal, and species.

The scatter-plot matrix becomes less effective as the dimensionality increases.
Another popular technique, called parallel coordinates, can handle higher dimensional-
ity. To visualize n-dimensional data points, the parallel coordinates technique draws
n equally spaced axes, one for each dimension, parallel to one of the display axes.
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Figure 2.14 Visualization of a 3-D data set using a scatter plot. Source: http://upload.wikimedia.org/
wikipedia/commons/c/c4/Scatter plot.jpg.

A data record is represented by a polygonal line that intersects each axis at the point
corresponding to the associated dimension value (Figure 2.16).

A major limitation of the parallel coordinates technique is that it cannot effec-
tively show a data set of many records. Even for a data set of several thousand records,
visual clutter and overlap often reduce the readability of the visualization and make the
patterns hard to find.

2.3.3 Icon-Based Visualization Techniques

Icon-based visualization techniques use small icons to represent multidimensional
data values. We look at two popular icon-based techniques: Chernoff faces and stick
figures.

Chernoff faces were introduced in 1973 by statistician Herman Chernoff. They dis-
play multidimensional data of up to 18 variables (or dimensions) as a cartoon human
face (Figure 2.17). Chernoff faces help reveal trends in the data. Components of the
face, such as the eyes, ears, mouth, and nose, represent values of the dimensions by their
shape, size, placement, and orientation. For example, dimensions can be mapped to the
following facial characteristics: eye size, eye spacing, nose length, nose width, mouth
curvature, mouth width, mouth openness, pupil size, eyebrow slant, eye eccentricity,
and head eccentricity.

Chernoff faces make use of the ability of the human mind to recognize small dif-
ferences in facial characteristics and to assimilate many facial characteristics at once.
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Figure 2.15 Visualization of the Iris data set using a scatter-plot matrix. Source: http://support.sas.com/
documentation/cdl/en/grstatproc/61948/HTML/default/images/gsgscmat.gif .

Viewing large tables of data can be tedious. By condensing the data, Chernoff faces
make the data easier for users to digest. In this way, they facilitate visualization of reg-
ularities and irregularities present in the data, although their power in relating multiple
relationships is limited. Another limitation is that specific data values are not shown.
Furthermore, facial features vary in perceived importance. This means that the similarity
of two faces (representing two multidimensional data points) can vary depending on the
order in which dimensions are assigned to facial characteristics. Therefore, this mapping
should be carefully chosen. Eye size and eyebrow slant have been found to be important.

Asymmetrical Chernoff faces were proposed as an extension to the original technique.
Since a face has vertical symmetry (along the y-axis), the left and right side of a face are
identical, which wastes space. Asymmetrical Chernoff faces double the number of facial
characteristics, thus allowing up to 36 dimensions to be displayed.

The stick figure visualization technique maps multidimensional data to five-piece
stick figures, where each figure has four limbs and a body. Two dimensions are mapped
to the display (x and y) axes and the remaining dimensions are mapped to the angle
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Figure 2.16 Here is a visualization that uses parallel coordinates. Source: www.stat.columbia.edu/∼cook/
movabletype/archives/2007/10/parallel coordi.thml.

Figure 2.17 Chernoff faces. Each face represents an n-dimensional data point (n ≤ 18).

and/or length of the limbs. Figure 2.18 shows census data, where age and income are
mapped to the display axes, and the remaining dimensions (gender, education, and so
on) are mapped to stick figures. If the data items are relatively dense with respect to
the two display dimensions, the resulting visualization shows texture patterns, reflecting
data trends.
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Figure 2.18 Census data represented using stick figures. Source: Professor G. Grinstein, Department of
Computer Science, University of Massachusetts at Lowell.

2.3.4 Hierarchical Visualization Techniques

The visualization techniques discussed so far focus on visualizing multiple dimensions
simultaneously. However, for a large data set of high dimensionality, it would be diffi-
cult to visualize all dimensions at the same time. Hierarchical visualization techniques
partition all dimensions into subsets (i.e., subspaces). The subspaces are visualized in a
hierarchical manner.

“Worlds-within-Worlds,” also known as n-Vision, is a representative hierarchical
visualization method. Suppose we want to visualize a 6-D data set, where the dimensions
are F ,X1, . . . ,X5. We want to observe how dimension F changes with respect to the other
dimensions. We can first fix the values of dimensions X3,X4,X5 to some selected values,
say, c3, c4, c5. We can then visualize F ,X1,X2 using a 3-D plot, called a world, as shown in
Figure 2.19. The position of the origin of the inner world is located at the point (c3, c4, c5)

in the outer world, which is another 3-D plot using dimensions X3,X4,X5. A user can
interactively change, in the outer world, the location of the origin of the inner world.
The user then views the resulting changes of the inner world. Moreover, a user can vary
the dimensions used in the inner world and the outer world. Given more dimensions,
more levels of worlds can be used, which is why the method is called “worlds-within-
worlds.”

As another example of hierarchical visualization methods, tree-maps display hier-
archical data as a set of nested rectangles. For example, Figure 2.20 shows a tree-map
visualizing Google news stories. All news stories are organized into seven categories, each
shown in a large rectangle of a unique color. Within each category (i.e., each rectangle
at the top level), the news stories are further partitioned into smaller subcategories.
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Figure 2.19 “Worlds-within-Worlds” (also known as n-Vision). Source: http://graphics.cs.columbia.edu/
projects/AutoVisual/images/1.dipstick.5.gif.

2.3.5 Visualizing Complex Data and Relations

In early days, visualization techniques were mainly for numeric data. Recently, more
and more non-numeric data, such as text and social networks, have become available.
Visualizing and analyzing such data attracts a lot of interest.

There are many new visualization techniques dedicated to these kinds of data. For
example, many people on the Web tag various objects such as pictures, blog entries, and
product reviews. A tag cloud is a visualization of statistics of user-generated tags. Often,
in a tag cloud, tags are listed alphabetically or in a user-preferred order. The importance
of a tag is indicated by font size or color. Figure 2.21 shows a tag cloud for visualizing
the popular tags used in a Web site.

Tag clouds are often used in two ways. First, in a tag cloud for a single item, we can
use the size of a tag to represent the number of times that the tag is applied to this item
by different users. Second, when visualizing the tag statistics on multiple items, we can
use the size of a tag to represent the number of items that the tag has been applied to,
that is, the popularity of the tag.

In addition to complex data, complex relations among data entries also raise chal-
lenges for visualization. For example, Figure 2.22 uses a disease influence graph to
visualize the correlations between diseases. The nodes in the graph are diseases, and
the size of each node is proportional to the prevalence of the corresponding disease.
Two nodes are linked by an edge if the corresponding diseases have a strong correlation.
The width of an edge is proportional to the strength of the correlation pattern of the two
corresponding diseases.
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Figure 2.20 Newsmap: Use of tree-maps to visualize Google news headline stories. Source: www.cs.umd.
edu/class/spring2005/cmsc838s/viz4all/ss/newsmap.png.

In summary, visualization provides effective tools to explore data. We have intro-
duced several popular methods and the essential ideas behind them. There are many
existing tools and methods. Moreover, visualization can be used in data mining in vari-
ous aspects. In addition to visualizing data, visualization can be used to represent the
data mining process, the patterns obtained from a mining method, and user interaction
with the data. Visual data mining is an important research and development direction.

2.4 Measuring Data Similarity and Dissimilarity

In data mining applications, such as clustering, outlier analysis, and nearest-neighbor
classification, we need ways to assess how alike or unalike objects are in comparison to
one another. For example, a store may want to search for clusters of customer objects,
resulting in groups of customers with similar characteristics (e.g., similar income, area
of residence, and age). Such information can then be used for marketing. A cluster is
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the purchaser’s name and address instead of a key to this information in a purchaser
database, discrepancies can occur, such as the same purchaser’s name appearing with
different addresses within the purchase order database.

3.3.4 Data Value Conflict Detection and Resolution

Data integration also involves the detection and resolution of data value conflicts. For
example, for the same real-world entity, attribute values from different sources may dif-
fer. This may be due to differences in representation, scaling, or encoding. For instance,
a weight attribute may be stored in metric units in one system and British imperial
units in another. For a hotel chain, the price of rooms in different cities may involve
not only different currencies but also different services (e.g., free breakfast) and taxes.
When exchanging information between schools, for example, each school may have its
own curriculum and grading scheme. One university may adopt a quarter system, offer
three courses on database systems, and assign grades from A+ to F, whereas another
may adopt a semester system, offer two courses on databases, and assign grades from 1
to 10. It is difficult to work out precise course-to-grade transformation rules between
the two universities, making information exchange difficult.

Attributes may also differ on the abstraction level, where an attribute in one sys-
tem is recorded at, say, a lower abstraction level than the “same” attribute in another.
For example, the total sales in one database may refer to one branch of All Electronics,
while an attribute of the same name in another database may refer to the total sales
for All Electronics stores in a given region. The topic of discrepancy detection is further
described in Section 3.2.3 on data cleaning as a process.

3.4 Data Reduction

Imagine that you have selected data from the AllElectronics data warehouse for analysis.
The data set will likely be huge! Complex data analysis and mining on huge amounts of
data can take a long time, making such analysis impractical or infeasible.

Data reduction techniques can be applied to obtain a reduced representation of the
data set that is much smaller in volume, yet closely maintains the integrity of the original
data. That is, mining on the reduced data set should be more efficient yet produce the
same (or almost the same) analytical results. In this section, we first present an overview
of data reduction strategies, followed by a closer look at individual techniques.

3.4.1 Overview of Data Reduction Strategies

Data reduction strategies include dimensionality reduction, numerosity reduction, and
data compression.

Dimensionality reduction is the process of reducing the number of random variables
or attributes under consideration. Dimensionality reduction methods include wavelet
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transforms (Section 3.4.2) and principal components analysis (Section 3.4.3), which
transform or project the original data onto a smaller space. Attribute subset selection is a
method of dimensionality reduction in which irrelevant, weakly relevant, or redundant
attributes or dimensions are detected and removed (Section 3.4.4).

Numerosity reduction techniques replace the original data volume by alternative,
smaller forms of data representation. These techniques may be parametric or non-
parametric. For parametric methods, a model is used to estimate the data, so that
typically only the data parameters need to be stored, instead of the actual data. (Out-
liers may also be stored.) Regression and log-linear models (Section 3.4.5) are examples.
Nonparametric methods for storing reduced representations of the data include his-
tograms (Section 3.4.6), clustering (Section 3.4.7), sampling (Section 3.4.8), and data
cube aggregation (Section 3.4.9).

In data compression, transformations are applied so as to obtain a reduced or “com-
pressed” representation of the original data. If the original data can be reconstructed
from the compressed data without any information loss, the data reduction is called
lossless. If, instead, we can reconstruct only an approximation of the original data, then
the data reduction is called lossy. There are several lossless algorithms for string com-
pression; however, they typically allow only limited data manipulation. Dimensionality
reduction and numerosity reduction techniques can also be considered forms of data
compression.

There are many other ways of organizing methods of data reduction. The computa-
tional time spent on data reduction should not outweigh or “erase” the time saved by
mining on a reduced data set size.

3.4.2 Wavelet Transforms

The discrete wavelet transform (DWT) is a linear signal processing technique that,
when applied to a data vector X, transforms it to a numerically different vector, X′, of
wavelet coefficients. The two vectors are of the same length. When applying this tech-
nique to data reduction, we consider each tuple as an n-dimensional data vector, that
is, X = (x1,x2, . . . ,xn), depicting n measurements made on the tuple from n database
attributes.3

“How can this technique be useful for data reduction if the wavelet transformed data are
of the same length as the original data?” The usefulness lies in the fact that the wavelet
transformed data can be truncated. A compressed approximation of the data can be
retained by storing only a small fraction of the strongest of the wavelet coefficients.
For example, all wavelet coefficients larger than some user-specified threshold can be
retained. All other coefficients are set to 0. The resulting data representation is therefore
very sparse, so that operations that can take advantage of data sparsity are computa-
tionally very fast if performed in wavelet space. The technique also works to remove
noise without smoothing out the main features of the data, making it effective for data

3In our notation, any variable representing a vector is shown in bold italic font; measurements depicting
the vector are shown in italic font.
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cleaning as well. Given a set of coefficients, an approximation of the original data can be
constructed by applying the inverse of the DWT used.

The DWT is closely related to the discrete Fourier transform (DFT), a signal process-
ing technique involving sines and cosines. In general, however, the DWT achieves better
lossy compression. That is, if the same number of coefficients is retained for a DWT and
a DFT of a given data vector, the DWT version will provide a more accurate approxima-
tion of the original data. Hence, for an equivalent approximation, the DWT requires less
space than the DFT. Unlike the DFT, wavelets are quite localized in space, contributing
to the conservation of local detail.

There is only one DFT, yet there are several families of DWTs. Figure 3.4 shows
some wavelet families. Popular wavelet transforms include the Haar-2, Daubechies-4,
and Daubechies-6. The general procedure for applying a discrete wavelet transform uses
a hierarchical pyramid algorithm that halves the data at each iteration, resulting in fast
computational speed. The method is as follows:

1. The length, L, of the input data vector must be an integer power of 2. This condition
can be met by padding the data vector with zeros as necessary (L ≥ n).

2. Each transform involves applying two functions. The first applies some data smooth-
ing, such as a sum or weighted average. The second performs a weighted difference,
which acts to bring out the detailed features of the data.

3. The two functions are applied to pairs of data points in X, that is, to all pairs of
measurements (x2i,x2i+1). This results in two data sets of length L/2. In general,
these represent a smoothed or low-frequency version of the input data and the high-
frequency content of it, respectively.

4. The two functions are recursively applied to the data sets obtained in the previous
loop, until the resulting data sets obtained are of length 2.

5. Selected values from the data sets obtained in the previous iterations are designated
the wavelet coefficients of the transformed data.
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Figure 3.4 Examples of wavelet families. The number next to a wavelet name is the number of vanishing
moments of the wavelet. This is a set of mathematical relationships that the coefficients must
satisfy and is related to the number of coefficients.
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Equivalently, a matrix multiplication can be applied to the input data in order to
obtain the wavelet coefficients, where the matrix used depends on the given DWT. The
matrix must be orthonormal, meaning that the columns are unit vectors and are mutu-
ally orthogonal, so that the matrix inverse is just its transpose. Although we do not have
room to discuss it here, this property allows the reconstruction of the data from the
smooth and smooth-difference data sets. By factoring the matrix used into a product of
a few sparse matrices, the resulting “fast DWT” algorithm has a complexity of O(n) for
an input vector of length n.

Wavelet transforms can be applied to multidimensional data such as a data cube. This
is done by first applying the transform to the first dimension, then to the second, and so
on. The computational complexity involved is linear with respect to the number of cells
in the cube. Wavelet transforms give good results on sparse or skewed data and on data
with ordered attributes. Lossy compression by wavelets is reportedly better than JPEG
compression, the current commercial standard. Wavelet transforms have many real-
world applications, including the compression of fingerprint images, computer vision,
analysis of time-series data, and data cleaning.

3.4.3 Principal Components Analysis

In this subsection we provide an intuitive introduction to principal components analy-
sis as a method of dimesionality reduction. A detailed theoretical explanation is beyond
the scope of this book. For additional references, please see the bibliographic notes
(Section 3.8) at the end of this chapter.

Suppose that the data to be reduced consist of tuples or data vectors described
by n attributes or dimensions. Principal components analysis (PCA; also called the
Karhunen-Loeve, or K-L, method) searches for k n-dimensional orthogonal vectors that
can best be used to represent the data, where k ≤ n. The original data are thus projected
onto a much smaller space, resulting in dimensionality reduction. Unlike attribute sub-
set selection (Section 3.4.4), which reduces the attribute set size by retaining a subset of
the initial set of attributes, PCA “combines” the essence of attributes by creating an alter-
native, smaller set of variables. The initial data can then be projected onto this smaller
set. PCA often reveals relationships that were not previously suspected and thereby
allows interpretations that would not ordinarily result.

The basic procedure is as follows:

1. The input data are normalized, so that each attribute falls within the same range. This
step helps ensure that attributes with large domains will not dominate attributes with
smaller domains.

2. PCA computes k orthonormal vectors that provide a basis for the normalized input
data. These are unit vectors that each point in a direction perpendicular to the others.
These vectors are referred to as the principal components. The input data are a linear
combination of the principal components.

3. The principal components are sorted in order of decreasing “significance” or
strength. The principal components essentially serve as a new set of axes for the data,
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Figure 3.5 Principal components analysis. Y1 and Y2 are the first two principal components for the
given data.

providing important information about variance. That is, the sorted axes are such
that the first axis shows the most variance among the data, the second axis shows the
next highest variance, and so on. For example, Figure 3.5 shows the first two princi-
pal components, Y1 and Y2, for the given set of data originally mapped to the axes X1

and X2. This information helps identify groups or patterns within the data.

4. Because the components are sorted in decreasing order of “significance,” the data size
can be reduced by eliminating the weaker components, that is, those with low vari-
ance. Using the strongest principal components, it should be possible to reconstruct
a good approximation of the original data.

PCA can be applied to ordered and unordered attributes, and can handle sparse data
and skewed data. Multidimensional data of more than two dimensions can be han-
dled by reducing the problem to two dimensions. Principal components may be used
as inputs to multiple regression and cluster analysis. In comparison with wavelet trans-
forms, PCA tends to be better at handling sparse data, whereas wavelet transforms are
more suitable for data of high dimensionality.

3.4.4 Attribute Subset Selection

Data sets for analysis may contain hundreds of attributes, many of which may be irrel-
evant to the mining task or redundant. For example, if the task is to classify customers
based on whether or not they are likely to purchase a popular new CD at AllElectronics
when notified of a sale, attributes such as the customer’s telephone number are likely to
be irrelevant, unlike attributes such as age or music taste. Although it may be possible for
a domain expert to pick out some of the useful attributes, this can be a difficult and time-
consuming task, especially when the data’s behavior is not well known. (Hence, a reason
behind its analysis!) Leaving out relevant attributes or keeping irrelevant attributes may
be detrimental, causing confusion for the mining algorithm employed. This can result
in discovered patterns of poor quality. In addition, the added volume of irrelevant or
redundant attributes can slow down the mining process.
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Attribute subset selection4 reduces the data set size by removing irrelevant or
redundant attributes (or dimensions). The goal of attribute subset selection is to find
a minimum set of attributes such that the resulting probability distribution of the data
classes is as close as possible to the original distribution obtained using all attributes.
Mining on a reduced set of attributes has an additional benefit: It reduces the number
of attributes appearing in the discovered patterns, helping to make the patterns easier to
understand.

“How can we find a ‘good’ subset of the original attributes?” For n attributes, there are
2n possible subsets. An exhaustive search for the optimal subset of attributes can be pro-
hibitively expensive, especially as n and the number of data classes increase. Therefore,
heuristic methods that explore a reduced search space are commonly used for attribute
subset selection. These methods are typically greedy in that, while searching through
attribute space, they always make what looks to be the best choice at the time. Their
strategy is to make a locally optimal choice in the hope that this will lead to a globally
optimal solution. Such greedy methods are effective in practice and may come close to
estimating an optimal solution.

The “best” (and “worst”) attributes are typically determined using tests of statistical
significance, which assume that the attributes are independent of one another. Many
other attribute evaluation measures can be used such as the information gain measure
used in building decision trees for classification.5

Basic heuristic methods of attribute subset selection include the techniques that
follow, some of which are illustrated in Figure 3.6.

Forward selection

Initial attribute set:
{A1, A2, A3, A4, A5, A6}

Initial reduced set:
{}
=> {A1}
=> {A1, A4}
=> Reduced attribute set:
     {A1, A4, A6}

Initial attribute set:
{A1, A2, A3, A4, A5, A6}

=> {A1, A3, A4, A5, A6}
=> {A1, A4, A5, A6}
=> Reduced attribute set:
     {A1, A4, A6}

Initial attribute set:
{A1, A2, A3, A4, A5, A6}

=> Reduced attribute set:
     {A1, A4, A6}

Backward elimination Decision tree induction

A4?

A1? A6?

Class 1 Class 2 Class 1 Class 2

Y N

Y N Y N

Figure 3.6 Greedy (heuristic) methods for attribute subset selection.

4In machine learning, attribute subset selection is known as feature subset selection.
5The information gain measure is described in detail in Chapter 8.
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1. Stepwise forward selection: The procedure starts with an empty set of attributes as
the reduced set. The best of the original attributes is determined and added to the
reduced set. At each subsequent iteration or step, the best of the remaining original
attributes is added to the set.

2. Stepwise backward elimination: The procedure starts with the full set of attributes.
At each step, it removes the worst attribute remaining in the set.

3. Combination of forward selection and backward elimination: The stepwise for-
ward selection and backward elimination methods can be combined so that, at each
step, the procedure selects the best attribute and removes the worst from among the
remaining attributes.

4. Decision tree induction: Decision tree algorithms (e.g., ID3, C4.5, and CART) were
originally intended for classification. Decision tree induction constructs a flowchart-
like structure where each internal (nonleaf) node denotes a test on an attribute, each
branch corresponds to an outcome of the test, and each external (leaf) node denotes a
class prediction. At each node, the algorithm chooses the “best” attribute to partition
the data into individual classes.

When decision tree induction is used for attribute subset selection, a tree is con-
structed from the given data. All attributes that do not appear in the tree are assumed
to be irrelevant. The set of attributes appearing in the tree form the reduced subset
of attributes.

The stopping criteria for the methods may vary. The procedure may employ a threshold
on the measure used to determine when to stop the attribute selection process.

In some cases, we may want to create new attributes based on others. Such attribute
construction6 can help improve accuracy and understanding of structure in high-
dimensional data. For example, we may wish to add the attribute area based on the
attributes height and width. By combining attributes, attribute construction can dis-
cover missing information about the relationships between data attributes that can be
useful for knowledge discovery.

3.4.5 Regression and Log-Linear Models: Parametric
Data Reduction

Regression and log-linear models can be used to approximate the given data. In (simple)
linear regression, the data are modeled to fit a straight line. For example, a random
variable, y (called a response variable), can be modeled as a linear function of another
random variable, x (called a predictor variable), with the equation

y = wx+ b, (3.7)

where the variance of y is assumed to be constant. In the context of data mining, x and y
are numeric database attributes. The coefficients, w and b (called regression coefficients),

6In the machine learning literature, attribute construction is known as feature construction.
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specify the slope of the line and the y-intercept, respectively. These coefficients can
be solved for by the method of least squares, which minimizes the error between the
actual line separating the data and the estimate of the line. Multiple linear regression
is an extension of (simple) linear regression, which allows a response variable, y, to be
modeled as a linear function of two or more predictor variables.

Log-linear models approximate discrete multidimensional probability distributions.
Given a set of tuples in n dimensions (e.g., described by n attributes), we can con-
sider each tuple as a point in an n-dimensional space. Log-linear models can be used
to estimate the probability of each point in a multidimensional space for a set of dis-
cretized attributes, based on a smaller subset of dimensional combinations. This allows
a higher-dimensional data space to be constructed from lower-dimensional spaces.
Log-linear models are therefore also useful for dimensionality reduction (since the
lower-dimensional points together typically occupy less space than the original data
points) and data smoothing (since aggregate estimates in the lower-dimensional space
are less subject to sampling variations than the estimates in the higher-dimensional
space).

Regression and log-linear models can both be used on sparse data, although their
application may be limited. While both methods can handle skewed data, regression
does exceptionally well. Regression can be computationally intensive when applied to
high-dimensional data, whereas log-linear models show good scalability for up to 10 or
so dimensions.

Several software packages exist to solve regression problems. Examples include SAS
(www.sas.com), SPSS (www.spss.com), and S-Plus (www.insightful.com). Another useful
resource is the book Numerical Recipes in C, by Press, Teukolsky, Vetterling, and Flannery
[PTVF07], and its associated source code.

3.4.6 Histograms

Histograms use binning to approximate data distributions and are a popular form
of data reduction. Histograms were introduced in Section 2.2.3. A histogram for an
attribute, A, partitions the data distribution of A into disjoint subsets, referred to as
buckets or bins. If each bucket represents only a single attribute–value/frequency pair, the
buckets are called singleton buckets. Often, buckets instead represent continuous ranges
for the given attribute.

Example 3.3 Histograms. The following data are a list of AllElectronics prices for commonly sold
items (rounded to the nearest dollar). The numbers have been sorted: 1, 1, 5, 5, 5,
5, 5, 8, 8, 10, 10, 10, 10, 12, 14, 14, 14, 15, 15, 15, 15, 15, 15, 18, 18, 18, 18, 18,
18, 18, 18, 20, 20, 20, 20, 20, 20, 20, 21, 21, 21, 21, 25, 25, 25, 25, 25, 28, 28, 30,
30, 30.

Figure 3.7 shows a histogram for the data using singleton buckets. To further reduce
the data, it is common to have each bucket denote a continuous value range for
the given attribute. In Figure 3.8, each bucket represents a different $10 range for
price.
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Figure 3.7 A histogram for price using singleton buckets—each bucket represents one price–value/
frequency pair.
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Figure 3.8 An equal-width histogram for price, where values are aggregated so that each bucket has a
uniform width of $10.

“How are the buckets determined and the attribute values partitioned?” There are
several partitioning rules, including the following:

Equal-width: In an equal-width histogram, the width of each bucket range is
uniform (e.g., the width of $10 for the buckets in Figure 3.8).

Equal-frequency (or equal-depth): In an equal-frequency histogram, the buckets are
created so that, roughly, the frequency of each bucket is constant (i.e., each bucket
contains roughly the same number of contiguous data samples).
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Histograms are highly effective at approximating both sparse and dense data, as
well as highly skewed and uniform data. The histograms described before for single
attributes can be extended for multiple attributes. Multidimensional histograms can cap-
ture dependencies between attributes. These histograms have been found effective in
approximating data with up to five attributes. More studies are needed regarding the
effectiveness of multidimensional histograms for high dimensionalities.

Singleton buckets are useful for storing high-frequency outliers.

3.4.7 Clustering

Clustering techniques consider data tuples as objects. They partition the objects into
groups, or clusters, so that objects within a cluster are “similar” to one another and “dis-
similar” to objects in other clusters. Similarity is commonly defined in terms of how
“close” the objects are in space, based on a distance function. The “quality” of a cluster
may be represented by its diameter, the maximum distance between any two objects in
the cluster. Centroid distance is an alternative measure of cluster quality and is defined
as the average distance of each cluster object from the cluster centroid (denoting the
“average object,” or average point in space for the cluster). Figure 3.3 showed a 2-D plot
of customer data with respect to customer locations in a city. Three data clusters are
visible.

In data reduction, the cluster representations of the data are used to replace the actual
data. The effectiveness of this technique depends on the data’s nature. It is much more
effective for data that can be organized into distinct clusters than for smeared data.

There are many measures for defining clusters and cluster quality. Clustering meth-
ods are further described in Chapters 10 and 11.

3.4.8 Sampling

Sampling can be used as a data reduction technique because it allows a large data set to
be represented by a much smaller random data sample (or subset). Suppose that a large
data set, D, contains N tuples. Let’s look at the most common ways that we could sample
D for data reduction, as illustrated in Figure 3.9.

Simple random sample without replacement (SRSWOR) of size s: This is created
by drawing s of the N tuples from D (s < N), where the probability of drawing any
tuple in D is 1/N , that is, all tuples are equally likely to be sampled.

Simple random sample with replacement (SRSWR) of size s: This is similar to
SRSWOR, except that each time a tuple is drawn from D, it is recorded and then
replaced. That is, after a tuple is drawn, it is placed back in D so that it may be drawn
again.

Cluster sample: If the tuples in D are grouped into M mutually disjoint “clusters,”
then an SRS of s clusters can be obtained, where s <M . For example, tuples in a
database are usually retrieved a page at a time, so that each page can be considered
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Cluster sample

Startified sample

Figure 3.9 Sampling can be used for data reduction.

a cluster. A reduced data representation can be obtained by applying, say, SRSWOR
to the pages, resulting in a cluster sample of the tuples. Other clustering criteria con-
veying rich semantics can also be explored. For example, in a spatial database, we
may choose to define clusters geographically based on how closely different areas are
located.

Stratified sample: If D is divided into mutually disjoint parts called strata, a stratified
sample of D is generated by obtaining an SRS at each stratum. This helps ensure a
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representative sample, especially when the data are skewed. For example, a stratified
sample may be obtained from customer data, where a stratum is created for each cus-
tomer age group. In this way, the age group having the smallest number of customers
will be sure to be represented.

An advantage of sampling for data reduction is that the cost of obtaining a sample
is proportional to the size of the sample, s, as opposed to N , the data set size. Hence,
sampling complexity is potentially sublinear to the size of the data. Other data reduc-
tion techniques can require at least one complete pass through D. For a fixed sample
size, sampling complexity increases only linearly as the number of data dimensions,
n, increases, whereas techniques using histograms, for example, increase exponentially
in n.

When applied to data reduction, sampling is most commonly used to estimate the
answer to an aggregate query. It is possible (using the central limit theorem) to deter-
mine a sufficient sample size for estimating a given function within a specified degree
of error. This sample size, s, may be extremely small in comparison to N . Sampling is
a natural choice for the progressive refinement of a reduced data set. Such a set can be
further refined by simply increasing the sample size.

3.4.9 Data Cube Aggregation

Imagine that you have collected the data for your analysis. These data consist of the
AllElectronics sales per quarter, for the years 2008 to 2010. You are, however, interested
in the annual sales (total per year), rather than the total per quarter. Thus, the data can
be aggregated so that the resulting data summarize the total sales per year instead of per
quarter. This aggregation is illustrated in Figure 3.10. The resulting data set is smaller in
volume, without loss of information necessary for the analysis task.

Data cubes are discussed in detail in Chapter 4 on data warehousing and Chapter 5
on data cube technology. We briefly introduce some concepts here. Data cubes store

Quarter

Year 2010

Sales

Q1
Q2
Q3
Q4

$224,000
$408,000
$350,000
$586,000

Quarter

Year 2009

Sales

Q1
Q2
Q3
Q4

$224,000
$408,000
$350,000
$586,000

Quarter

Year 2008

Sales

Q1
Q2
Q3
Q4

$224,000
$408,000
$350,000
$586,000

Year Sales

2008
2009
2010

$1,568,000
$2,356,000
$3,594,000

Figure 3.10 Sales data for a given branch of AllElectronics for the years 2008 through 2010. On the left,
the sales are shown per quarter. On the right, the data are aggregated to provide the annual
sales.
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Figure 3.11 A data cube for sales at AllElectronics.

multidimensional aggregated information. For example, Figure 3.11 shows a data cube
for multidimensional analysis of sales data with respect to annual sales per item type
for each AllElectronics branch. Each cell holds an aggregate data value, corresponding
to the data point in multidimensional space. (For readability, only some cell values are
shown.) Concept hierarchies may exist for each attribute, allowing the analysis of data
at multiple abstraction levels. For example, a hierarchy for branch could allow branches
to be grouped into regions, based on their address. Data cubes provide fast access to
precomputed, summarized data, thereby benefiting online analytical processing as well
as data mining.

The cube created at the lowest abstraction level is referred to as the base cuboid. The
base cuboid should correspond to an individual entity of interest such as sales or cus-
tomer. In other words, the lowest level should be usable, or useful for the analysis. A cube
at the highest level of abstraction is the apex cuboid. For the sales data in Figure 3.11,
the apex cuboid would give one total—the total sales for all three years, for all item
types, and for all branches. Data cubes created for varying levels of abstraction are often
referred to as cuboids, so that a data cube may instead refer to a lattice of cuboids. Each
higher abstraction level further reduces the resulting data size. When replying to data
mining requests, the smallest available cuboid relevant to the given task should be used.
This issue is also addressed in Chapter 4.

3.5 Data Transformation and Data Discretization

This section presents methods of data transformation. In this preprocessing step, the
data are transformed or consolidated so that the resulting mining process may be more
efficient, and the patterns found may be easier to understand. Data discretization, a form
of data transformation, is also discussed.


